Introduction
Reflectarrays are widely studied because they combine the advantages of reflector antennas and array antennas. In order to increase bandwidth and reduce losses, multiple-resonator cells have been proposed, using various topologies such as stacked patches [1] , coupled dipoles [2] or coupled slots [3] . All these passive cells involve many geometrical parameters, which makes their optimization process complex and time-consuming as it relies on full-wave simulations.
In the case of reconfigurable cells, the situation is even trickier as successive steps have to be completed. First, the passive distributed structure of the cell has to be designed (as in the case of passive cells). Then, lumped reconfigurable elements have to be implemented to control the reflected phase within a prescribed range. Finally, a redesign of the initial passive distributed structure is usually necessary to take into account the biasing lines and other topological arrangements resulting from the integration of these tuning elements. Although the compression approach can advantageously be used [4] for tuning lumped elements, the design and redesign of the passive distributed structure still require numerous full-wave simulations.
On the other hand, efficient synthesis processes have been developed in the field of frequency selective surfaces (FSS) [5, 6] which replace the full-wave simulations by circuit-based approaches.
First, an equivalent circuit for the passive distributed structure is derived using a limited number of full-wave simulations. This provides a direct correspondence between the geometrical parameters and the related circuit elements. Then, any further modification of these geometrical parameters can be analyzed at the circuit level without any additional full-wave simulation. This definitively makes the optimization process simpler and much faster. In [7, 8] , an equivalent circuit has been proposed for a slot-loaded patch reflectarray cell. It permits to optimize the number and the placement of the lumped components used for changing the reflected phase. Nevertheless, this equivalent circuit does not permit to obtain the lengths of the slots or of the patch. In [9] a model is given for a patch loaded with varicap diodes but it has only one resonator, leading to a high frequency dispersion.
In this paper, we present an equivalent circuit for the reflectarray triple-slot cell described in [3] .
Although this cell has been proved to be a good candidate for both, large bandwidth and reconfigurability, no simple process has been reported yet to optimize its dimensions. The proposed circuit allows predicting the phase response when the slots length (the most influent parameters) and the distance to the ground plane change. Only a limited number of simulations is needed, which is essential for fast optimization. In a first time, the interest of this approach is validated for the design of a passive cell. Then, we show that it can be extended to the analysis of a reconfigurable cell by combining the equivalent circuit of the passive distributed structure with lumped elements that represent the controllable tuning components. Experimental validations at the cell level have already been published [3, 10, 11] for quite similar structures and will not be repeated here for the sake of brevity. We rather focus on the comparison of the results provided by our new equivalent circuit with those resulting from full-wave simulations, with the clear goal to replace those ones.
Finally, the utility of the equivalent circuit is demonstrated by simulating a reflectarray with a steered beam.
Note that the proposed equivalent circuit has similarities with that used in [12, 13] for slotted waveguides. However, our formulation takes mutual coupling between slots into account. Additional elements are also included to provide a realistic modelling when active components are integrated in the slot.
Studied topology and associated equivalent circuit
The general studied topology (Fig. 1) consists of three slots in a metallization printed on a dielectric substrate (permittivity 2.17, loss tangent 9 × 10 −4 and thickness 1.6 mm). This printed circuit is suspended in a square waveguide at a distance h air from the short-circuited termination (Fig. 2 ).
This waveguide configuration is usually used for single cell measurement (as in [11] for instance).
Moreover, reflectarray cells (especially active ones) are sometimes embedded in metallic cavities to limit mutual coupling. In such situations, the waveguide between the printed circuit and the shortcircuit plane is really present [14] . The section of the square waveguide used here is 35 × 35 mm 2 providing a [4.5, 6.5] GHz frequency band.
The reflected phase can be controlled by changing only the length of the central slot or loading it by a tunable capacitor [3] . The other parameters, especially the length of the external slots L s2 , allow controlling the frequency dispersion and the accessible phase range. Note that both external slots have the same length in order to maintain the cell symmetry. L s1 and L s2 are definitively the most influent parameters regarding the phase response of the cell and are the only ones to be varied in this study. This choice is also consistent with the fact that, in a realistic reflectarray synthesis, the number of tunable parameters has to be small to keep the optimization process affordable. The variation ranges for L s1 and L s2 have been chosen in order to approach a full 360°phase range at center frequency, which is the usual goal when designing a reflectarray cell. In the considered examples, W s1 and W s2 are set to a quite large value (5 mm) in order to achieve smooth phase states [15] . The distance between adjacent slots e f is set to 2 mm to keep enough space for a future biasing circuit. Nevertheless, the discussed methodology is also valid in the case of any other values.
The proposed equivalent circuit consists of a shunt admittance (for the printed circuit) backed by a short-circuited transmission line of length h air . The admittance is composed of three shunt resonators, one for each slot (Fig. 3) , which are coupled with inductive (M c ) and capacitive (C c )
elements. Both types of coupling are necessary to correctly take into account all interactions between the different slots [16] . The propagation characteristics of the transmission line backing the printed circuit are calculated using simple rectangular waveguide theory [17] . The lumped Figure 1 . Schematic view of the studied cell. a top view b 3D view elements forming the shunt admittance itself can be derived from a full-wave simulation using
Ansys HFSS commercial software. To do so, the printed circuit is simulated as a 2-port in the waveguide (Fig. 2) . One reference plane is placed on each face of the dielectric substrate. The simulated 2 × 2 scattering matrix is then imported into a circuit simulator (Keysight ADS) and the elements of the shunt admittance are tuned until its scattering parameters match those from the full-wave simulation.
Then, the reflected coefficient from the whole cell (including the short-circuited waveguide) can be obtained directly with the circuit simulator simply by loading the obtained admittance with the appropriate length of short-circuited transmission line. As h air can be varied in the circuit simulation itself, the modification of this parameter does not require any additional full-wave simulation, which is a first advantage of the equivalent circuit. The second advantage, as described in the next section, is the possibility to express the elements forming the admittance from the variable geometrical parameters (here L s1 and L s2 ). Once these expressions have been derived, which requires only 2 or 3 full-wave simulations, the response of the cell for any value of L s1 and L s2 can be obtained directly from the circuit simulator, without any new full-wave analysis.
Derivation of the equivalent circuit

General Process
In this section, the derivation of the elements of the equivalent circuit from full-wave simulations is described in details. As a first approximation, we consider that C 1 and L 1 only depend on L s1 while C 2 and L 2 only depend on L s2 . C c and M c are supposed to be independent from both L s1 and L s2 . As will be seen from the obtained results, this assumption proves to be sufficient. Moreover, L i and C i are linked by the following relations:
where f i and Z i stand for the resonant frequency and the characteristic impedance of slot i. Since the resonant frequency of a transmission line resonator varies with the inverse of its length, we can express f i as:
where α i and β i are unknown parameters to be determined. Note that α i is supposed to be close to 2 √ ε reff /c for a half wavelength slot (with c the speed of light and ε reff the effective relative permittivity) and β i accounts for the imperfect short circuits at both ends of the slot. More precisely, it represents possible reactive effects which may be responsible for resonance deviations. Finally, using (1) and (2), C i and L i can be related directly to the length of the slot as:
The derivation of the electric circuit then consists in determining C c , M c , α 1 , β 1 , Z 1 , α 2 β 2 and Z 2 from a reduced number of full-wave simulations. Once this has been done, C i and L i can be calculated for any new value of L si using (3). This allows using the electric circuit (instead of a new EM simulation) for characterizing the phase response of the cell whatever the value of the slots length.
Validation with variable internal slot and fixed external slots
For the sake of simplicity, we first present the derivation process where only the length of the central slot L s1 varies (L 2 and C 2 are supposed to be constant in this case). Two full-wave simulations are run. They correspond to two printed circuits in the waveguide (Fig. 2) , only differing in the length of the central slot (L s1 and L s1 for the first and second simulation respectively). Then, two equivalent shunt admittances are tuned simultaneously so that the corresponding S parameters match those of the two simulated structures in the [4.5, 6.5] GHz frequency band. Only C 1 and L 1 differ from one admittance to another: we name C 1 and L 1 (respectively C 1 and L 1 ) the values associated to L s1 (respectively L s1 ). The tuning process also provides C c , M c , C 2 and L 2 but it assumes they are identical for both admittances. Finally, α 1 and β 1 can be derived from (3) using:
Once the elements forming the shunt admittance have been identified, the full equivalent circuit of the reflectarray cell can be constructed by adding the short-circuited transmission line. The and Z 1 = 99.7 Ω.
As can been seen in Fig. 4a , the agreement is very good even though L s1 varies from 16 to 24 mm, which is a larger range than the initial [L s1 , L s1 ] interval. Fig. 4b shows the difference between the full wave simulation and the equivalent circuit. For L s1 less than 22 mm, the maximum phase difference is 12°. For the larger lengths (L s1 = 23 mm or 24 mm), the phase difference is much higher at low frequencies. This is due to rapid variation of the phase in that region. Indeed, this corresponds to a high frequency dispersion region (involving resonance phenomena) where the cell is not supposed to be used. For the central frequency (5.5 GHz) the maximum error is 5°. Finally, the average phase difference for all lengths L s1 over the total frequency band is 4.11°, which provides a sufficient accuracy for reflectarray design.
Validation with variable internal and external slots
Now we consider L s2 can also vary, which means that α 2 and β 2 have to be determined. The derivation process described in section 3.2 can be extended straight forwardly. The new process relies on three full-wave simulations involving the following length couples (
and (L s1 , L s2 ). Then, three admittances (instead of two) are tuned simultaneously. The first two full-wave simulations, involving (L s1 , L s2 ) and (L s1 , L s2 ) are the same as in section 3.2. As already Table 1 . Extracted coefficients for passive and active cases. for all lengths L s1 over the total frequency band, is below 10°for a variation of the external slot of ±3.5 mm. This difference is attributed to two main causes. Firstly, error logically gets larger when the considered L si is outside the [L si ,L si ] extraction range, because extrapolation is required.
Secondly, it is also partly due to the fact we assume that coupling is independent from L si .
Extension to the active case
The circuit presented in the first part of this communication is now upgraded for the study of a reconfigurable cell. In the considered example, reconfiguration is achieved by loading the internal slot with a controllable capacitance C (as in [11] ). A typical implementation is shown in Fig. 7a .
Note that two narrow metallic strips are used for the connection of the lumped element (variable capacitance) in the slot center.
The equivalent admittance is modified as shown in Fig. 7b : a capacitance C p and an inductance L p have been added to represent the capacitive effect of the gap supporting the lumped element and the inductive effect of the metallic strips respectively.
The extraction of the circuit elements using full-wave simulations is very similar to these described in the previous sections. In the full-wave simulation, a lumped port (Fig. 7a) , corresponding to the third port in the model (Fig. 7b) , is added for the extraction of the equivalent circuit. This third port is similar to those used in the compression approach [4] and will provide the place to connect the variable capacitor during the post-processing, after the equivalent circuit extraction.
Before that, as in 3.3, three full-wave simulations, involving three different combinations of L s1
W s1
Internal port and L s2 , are necessary to anticipate any future variation of slots length. More precisely and as previously, the circuit elements shown in Fig. 7b are adjusted so that the resulting S parameters best match those from the full-wave simulations. Note that there are now 3 ports in the equivalent circuit and thus 9 scattering parameters (instead of 4) have to be matched during the extraction process. The values of L p and C p are determined during the tuning process, together with all other circuit elements, and they are supposed to be identical for the three equivalent admittances.
Once the equivalent circuit is derived, it can be loaded with any lumped element simply by connecting it to port 3 as a post-processing step. As previously, this can be combined with any modification of the slots length. The reflected phase for both full-wave simulations and circuit sim- The extracted values are given in Tab. 1. Fig. 9 shows that the proposed equivalent circuit still provides satisfactory results when the air gap between the substrate and the short circuit is modified. The accuracy is better than 7°in all cases. 
Application of the equivalent circuit
To demonstrate the capabilities of the proposed equivalent circuit, it has been used to synthesize a canonical reflectarray with a steered beam. In order to make a comparison with full-wave simulation feasible, it consists of an 8 × 6 array with λ 0 /1.56 inter-element spacing (35 mm at 5.5 GHz)
as shown in Fig. 10 . For the sake of numerical validation, it is illuminated by a plane wave under normal incidence. The length of the central slot varies with the y coordinate so that the beam is steered at θ = 10°in the (yOz) plane. The necessary phase difference between adjacent cells is 40°and the equivalent circuit is used for determining the corresponding length of the central slots.
For the presented example, the length of the external slot L s2 has been fixed to 29 mm and is kept constant for all the cells.
Using the equivalent circuit, the total time to synthesize the array (including the construction of the equivalent circuit itself) is less than 5 minutes on a standard PC workstation (16 GB RAM, Intel® Core™ i7-4790 @ 3.6 GHz). Using full-wave simulations instead would dramatically increase the computation burden (especially in the case of an even larger array). The values of the elements in the equivalent circuit are those given in Table 1 . The needed lengths to satisfy the phase-law are given in Table 2 . To verify the synthesis approach using the equivalent circuit, a full-wave simulation of the complete array has been done using HFSS (which takes 2 hours). and the array with the lengths obtained previously. This clearly demonstrates that the beam has been steered properly.
Conclusion
In this paper, an equivalent circuit is proposed for a triple-slot phase-shifting cell. This model describes precisely the behavior of the cell and allows predicting the reflected phase while needing only a limited number of full-wave simulations. Both the lengths of the slots and the distance between the cell and the end of the waveguide can be modified. An upgraded version of the equivalent circuit has also been proposed which enables the integration of lumped elements for an active control of the cell. Finally, the equivalent model permits to optimize the slots length of 
